We study the many-body effects in the propagation of the scalar meson in the nuclear medium arising from its coupling to two pion states. We identify the source of the medium effects as the influence of the individual nucleon response arising from their pion clouds. The same modification applies to the QCD scalar susceptibility. It reflects the reshaping of the scalar strength observed in 2π production experiments. While large modifications of the σ propagator occur, we show that the NN scalar potential remains instead unaffected.
Introduction
The two-pion production experiments on nuclei [1, 2, 3] have revealed a striking accumulation of strength for the 2π invariant mass near threshold. This phenomenon is restricted to the isoscalar channel for the two pions, the channel of the sigma meson. The first interpretations focused on works by Schuck et al [4] and Chanfray et al [5] on the influence on the scalar strength distribution of the modification of the pion dispersion relation in the medium, where this mode is softened. The pion line is replaced by a pion branch, a collective mixture of pions and ∆-hole states, which lies at lower energies. These authors predicted a concentration of strength near the 2π threshold for particles which decay in two pions, in particular the sigma meson. In this interpretation the absence of near threshold accumulation of strength in the isovector channel is explained by a cancellation by vertex corrections imposed by gauge invariance [6, 7] . For the (π, 2π) reaction it was pointed out [8] that the highly peripheral character of the (π, 2π) reaction suppresses such medium effects while they survive in (γ, 2π) [9] . Hatsuda et al [10] and Jido et al [11] have suggested another origin for this reshaping of the scalar strength, namely the chiral softening of the sigma mass. The 3σ coupling present in chiral models lowers the sigma mass, by an amount linked to the evolution of the quark condensate, i.e., to partial symmetry restoration. This attractive idea faces a difficulty. A strong softening of the sigma mass is hardly compatible with the known saturation properties of nuclear matter : without counter-effect a collapse occurs and no saturation is possible. For instance, in the quark-meson coupling model [12] the cancellation, which has to be nearly complete, arises from the response of the nucleonic quark bags to the scalar field, which screens the scalar field, equivalently increases the sigma mass, with increasing density [13, 14] . Finally another interpretation [15] invokes the energy degradation due to the quasi-elastic rescattering process for the produced pions, with or without charge exchange. However this process is not specific to the scalar channel, which makes unlikely that it accounts for the totality of the softening revealed by the data. The in-medium modification of the pion dispersion relation must play some role. It has been experimentally displayed in ( 3 He,T) inclusive experiments on nuclear targets [16] and its influence must show up also in 2π production processes. In the present work we focus on this specific interpretation, which may seem at first less tantalizing than the one linked to the fundamental symmetries. One of our aims is in fact to establish the existence of a link, albeit not a straightforward one, with chiral symmetry. This facet of our work parallels the one that we introduced [17] for the interpretation of the experiments of dilepton production in relativistic heavy ion collisions [18] where a strong enhancement of the region below the rho peak is found in nuclear collisions. First attributed to a lowering of the rho mass, it was later interpreted in terms of the medium modification of the two-pion loop [19] . We showed that this can be viewed as the manifestation of the vector-axial mixing which occurs in a dense medium, a precursor of the total mixing in the phase of full restoration of chiral symmetry [20] .
The other important aspect that we will develop in this work is the link with traditional aspects of the nuclear binding. The strong in-medium reshaping of the scalar strength has a priori consequences for the nuclear binding problem. We will elucidate this question. Our discussion will be based on the distinction between the sigma, chiral partner of the pion, and the scalar meson exchange of nuclear physics, an aspect which we have previously emphasized [21] .
Our article is organized as follows. In section 2 we introduce the formalism for the medium effects in the T-matrix for ππ scattering. We focus on the zero momentum case and we establish the physical interpretation of the medium effects, linking them to QCD properties. We pursue in section 3 with the discussion of the implications for the nuclear binding. Section 4 is devoted to comments concerning the scalar meson propagation and to the concluding remarks.
In-medium modification of the T-matrix
In the 2π production experiments the medium effects are governed by the in-medium modifications of the T-matrix for ππ scattering. We will therefore study this quantity in a chiral model, the linear sigma one with a scalar and pseudoscalar meson. In this model the coupling of the σ to two-pion states is a simple contact interaction, λf π σπ 2 , while the four pion interaction is λπ 4 /4. The coupling constant λ is related to the observables :
The corresponding s-channel contribution, V s , to the ππ potential at a given invariant squared mass s, is the sum of a contact term and a sigma exchange one. The same structure also holds for the t and u channels. In this work we use an approximation suggested by Aouissat et al. [22] , where we only keep the s-channel term, dropping the t and u channel contributions which enter with a smaller weight in the isoscalar channel. These authors have shown that, within a symmetry conserving 1/N expansion (here N = 4) fulfilling Ward identities, this is a legitimate approximation. Within this simplified framework they were able to reproduce the ππ phase shifts and scattering length . In this case the scalar-isoscalar potential writes :
The Lippman-Schwinger equations with such a separable potential is straightforwardly solved. It gives for the unitarized scalar-isoscalar T matrix (at a total energy of the pion pair E = √ s in the CM frame) :
Here G(E) is the two-pion propagator linked to the single pion propagator D π by :
which, in the vacuum, reduces to :
The expression of T (E) given in eq. (2) holds either in the vacuum or in the medium. In the last case the pion propagators which enter G are dressed by particle-hole bubbles, where the particle is either a nucleon or a Delta. In the interpretation of ref. [4, 5] this is responsible for the in-medium modification of the T-matrix. It is now interesting to rewrite the T-matrix in the following form which displays the propagator of the sigma meson, D σ , with the inclusion of its coupling to 2π states :
The last term in the parenthesis of the expression of D σ represents the sigma self-energy Σ(E). The physical interpretation of this expression is clear : the σ propagator incorporates its coupling to 2π states dressed by all rescatterings processes which are driven exclusively by the 4π contact interaction. Note that the σ, the chiral partner of the pion, has a large coupling, f π λ, to 2π states which does not vanish in the chiral limit. We now come to the link with chiral symmetry focusing on the medium modification of G in the sigma propagator. In the linear sigma model this propagator, correlator of the scalar field σ, is related to the fluctuations of the quark scalar density [23] . At E=0 it is proportional to the QCD scalar susceptibility, χ s , defined as the derivative of the quark condensate with respect to the quark mass :
This relation holds both in the medium and in the vacuum, and it is quite useful to investigate the medium modifications of χ S which are related to those of D σ . In a previous work [23] we introduced those arising from the coupling of the σ to nuclear states. Here we focus on those related to the coupling to 2π states. In order to illustrate the significance of h p π σ σ Figure 1 : Influence of the nucleonic pion cloud on the sigma propagator the corresponding medium correction to D σ we first ignore the rescattering denominator in G(E = 0) and we consider a single insertion of a nucleon-hole bubble Π 0 into one of the two-pion lines (see fig. 1 ). The corresponding medium correction to the sigma self-energy writes :
The physical interpretation follows from fig 1 : this medium correction to D σ introduces the effect of the individual nucleonic response to the sigma field, arising from the interaction of the σ with their pion clouds. For a free nucleon we denote this response as a N . Note that the Pauli blocking effect on this quantity is implicitly contained in Π 0 . Within the approximations that were made, i.e., the omission of the ππ rescattering term, with only one p − h insertion and ignoring Pauli blocking, the in-medium σ propagator writes :
The nucleonic response to the sigma field which affects the σ propagator also affects the QCD scalar susceptibility, since the two are related by eq. (6) . It introduces in the nuclear susceptibility χ S the contribution of the individual nucleon response, which arises from their pion cloud, χ N S (π) . This quantity was discussed by Chanfray et al. [24] who showed that it dominates the nucleon response and evaluated it in the static approximation. From their result χ N S (π) = −4.10 −2 MeV −1 , we can deduce a N since the two quantities are proportional :
Note that a N depends on the sigma mass, as expected since the σ−2π coupling is quadratic in this mass. Before going to numbers we summarize the content of this paragraph. The dressing by a single p-h bubble of one of the pion lines which enter the 2π propagator introduces in the σ propagator (or in the nuclear susceptibility) the responses of the individual nucleons, through their pion clouds, to the σ field (or to the quark mass for the QCD susceptibility). We now come to the numerical evaluation. For the relative correction r to the inverse sigma propagator we find :
Since the response a N is negative, its effect increases the magnitude of the σ propagator. For m σ = .75 GeV, r = − 1.2 at ρ 0 . It surpasses the bare sigma mass term. The introduction of the Pauli blocking effect (a 25% reduction) does not solve the problem as it is canceled by the Delta contribution [24] . The existence of a singularity in the σ propagator implies an instability with respect to a 2π isoscalar soft mode, which was discussed by Aouissat et al. [25] . These authors have argued that the pion rescattering effect (through the 4π contact term) in the sub-threshold region could eliminate the instability. In our expression (5), we have incorporated this rescattering and we will show that it does eliminate the instability. Indeed to all orders in G, D σ (E = 0) can be written as :
which displays no singularity. This medium correction, which is now linear in the density, represents a large enhancement of the susceptibility : 2.2 at ρ 0 . The QCD scalar polarizability is multiplied by the same factor with respect to its vacuum value. This enhancement adds to the one that we previously calculated from the coupling of the sigma to nucleon-hole excitations which also gives a large enhancement, of several units. However it is quite different in nature since the pion plays a special role due to its Goldstone nature. Indeed, the question of the enhancement of the scalar susceptibility with respect to the pseudoscalar one is the very essence of chiral symmetry restoration. In the vacuum, with its spontaneously broken chiral symmetry, the pseudoscalar susceptibility which becomes infinite in the chiral limit is much larger than the scalar one. A convergence between the two susceptibilities is a signal of chiral symmetry restoration, since the two susceptibilities merge in the restored phase. We have shown in a previous work that the pseudoscalar susceptibility follows the evolution of the quark condensate,
Its magnitude thus decreases with density. The question is if the increase of the scalar susceptibility translates into a convergence effect between the two susceptibilities. In this respect the dressing of the pionic line acts differently than the coupling to nuclear excitations. For the last one, which is analytical in the quark mass, the quark condensate in eq. 12 can be expanded linearly in the quark mass. This expansion shows that the nuclear excitations which affect χ S affect in the same way χ P S and no convergence effect follows from coupling to nucleon-holes. This is not the case for the pionic part. For this piece instead the susceptibility and the condensate are not analytical in the quark mass, equivalently in the squared pion mass. Indeed the nucleon scalar polarizability from the pion cloud is linked to the non-analytical part of the sigma commutator [24] . A linear expansion in the quark mass is not legitimate. The corresponding increase of the scalar susceptibility is therefore not reflected in the pseudoscalar one and we are dealing with a genuine convergence effect between the two susceptibilities, an effect of chiral symmetry restoration.
As a final comment of this section we remind that we have taken into account the dressing of a single pion line by only one bubble. If instead we introduce the full ring chain, it amounts to introducing an in-medium modified nucleonic scalar susceptibility, which is likely to lead to a larger value. Its evaluation is in progress.
Nuclear physics implications
We have seen in the previous section that, owing to their pion cloud, nucleons are easily polarizable by the sigma field and that this has a large effect on the σ propagation. Since the nuclear attraction originates in part from the exchange of a scalar mode, the following question naturally arises : is the large medium modification of the σ propagator reflected in the NN interaction? At first sight it is natural to believe that the scalar NN potential is affected in the same way as the σ propagator. This question is closely related to that of the identity between the scalar meson responsible for the nuclear binding and the sigma, chiral partner of the pion which has been the object of the previous treatment. There are three possibilities i) they are the same object, ii) they have no relation at all, iii) they are related but not identical. The first possibility is excluded by considerations of chiral constraints, emphasized by Birse [26] . It would lead to the presence of a term of order m π in the NN interaction, which is not allowed. The second possibility leaves open the existence of a relation between the many body effects, in particular those arising from the two-pion loop, in the propagators of the σ and of the scalar meson of nuclear physics. The role of the 2π coupling to the last object remains elusive. The third possibility, as suggested by Chanfray et al [21] , is able to bring an answer to the last question. In the following we will develop this last point of view.
These authors started from the linear sigma model. By going from Cartesian to the polar coordinates they introduced a new scalar field called S = f π + s (not to be confused with the Mandelstam variable s used previously). This field is associated with the radius of the chiral circle and it is a chiral invariant while the σ field is not. They suggested to identify the scalar meson of nuclear physics with this new scalar field. More precisely the nuclear attraction arises from the mean values, and the effective nucleon mass is :
Actually this new formulation transforms the original linear realization of chiral symmetry into a non linear one. Consequently all chiral constraints are automatically satisfied and the difficulties mentioned by Birse about chiral constraints on the NN interaction are not present. Moreover, the coupling constant of the s field to the nucleon: g S = M/f π ≃ 10 is not incompatible with the phenomenology of quantum hadrodynamics [27, 28] .
The passage to the polar coordinates cannot affect the physics. For instance, the T-matrix for on-shell pions must be independent of the representation. It is therefore interesting to rewrite it in a form which displays the propagator of the s field, the relevant quantity for nuclear physics. For this purpose we now express the Lagrangian of the linear sigma model in terms of the polar coordinates, i.e., the s field and the new pion field φ which is directly related to the chiral angle. It has been given in [21] and we restrict ourselves to pieces relevant for our purpose. We first note that the bare masses for the s field and for the sigma are the same. For the 4π contact term we recover the standard non-linear sigma model result with contain derivative terms. In addition we get a sππ coupling piece of the derivative type :
As an illustration, summing contact and s exchange pieces the Born amplitude writes:
which reproduces the previous result of eq. (1), as expected ; only the decomposition has changed. The same holds for the T-matrix. We rewrite it in a form which displays the coupling, E 2 − m 2 π , of the s field to two pions and the ππ rescattering through the new contact interaction (first term of eq. 14). This new decomposition writes :
Its interest lies in the identification of the propagator D s of the chiral invariant scalar field s. We consider the zero-energy case, E = 0, and compare the propagators of the s field and of the σ one. They differ in an essential way with respect to their coupling to two pions. For the s, the coupling vanishes in the chiral limit, hence it is small and it can be ignored, while it is large for the σ. The s mode is then free of the many-body effects which appear in the σ propagation as discussed previously and which enter through the σ coupling to 2π states. As the NN scalar potential arises from the exchange of the chiral invariant scalar mode s, it remains the same in the nucleus than in free space. This remarkable result is due to the chiral invariant character of the scalar field responsible for the nuclear attraction. In fact, such a result can be obtained within the original linear formulation in which the non-invariant σ field is exchanged. In this case the nucleons exchange not only this σ meson but also 2π states. The treatment requires the full incorporation of all possible coupled sigma and 2π exchanges with all the resulting delicate compensations.
The new formulation provides a very economical way to establish this result. Thus the reshaping of the scalar strength strength function observed in the 2π production experiments which signals a large in-medium increase of the QCD scalar susceptibility has practically no incidence for the in-medium NN interaction, up to terms of order m 2 π . Of course other types of polarization effects can play a role. For instance those due to the quark internal structure of the nucleons, readjustment of the quark orbits, introduced in QMC.
4 Two components description of the σ propagator and conclusion
In this last section we emphasize the separation of the σ propagator, at E = 0, with its strong coupling to 2π states, into two weakly coupled components. For this we write explicitly, in the expression (5), the coupling constant λ in terms of the meson masses to reach the following decomposition :
The first component is nothing but the s propagator at E = 0, as written in eq. 15, with its coupling to 2π states which vanishes in the chiral limit. As for the second component it is easy to check that it represents, but for a factor 3f 2 π /2, the fully dressed 2π propagator G which obeys the equation :G
This is the only piece which survives when m σ becomes infinite. The medium effects that we have introduced in this work appear only in this last component. In the NN interaction the introduction of the σ exchange necessitates the introduction of other graphs which insure the cancellation of the 2π component in such a way that only the first component is active.
The second scalar mode, linked to the 2π propagator G, is built of two Goldstone modes. We like to comment on the appearance of this mode in the σ propagator and hence in the QCD scalar susceptibility. It owes to the fact that a quark scalar density fluctuation can convert into two pions. The conversion coefficient is given, as for other particles such as the nucleon, by the sigma commutator of the particle in question [24] . More precisely, it is given by the quantity 2m π Σ π /2m q = m 2 π /2m q = −vac /f 2 π . This leads to the following contribution to the QCD scalar susceptibility :
This is exactly what one obtains from the two-pion component of the σ propagator, which implicitly contains this type of conversion.
In summary our aim in this work has been to extract the message about chiral symmetry contained in the 2π production experiments on nuclei. It is to be expected that the scalar strength has a connection to some QCD quantities linked to chiral symmetry, since the order parameter, the quark condensate is also a scalar quantity. Another general remark is that a softening of a strength, as is observed, naturally translates into an increase (in magnitude) of the corresponding susceptibility, which is the inverse energy weighted sum rule. In order to be more specific we have relied on the interpretation of ref. [4, 5] where the reshaping is attributed to the in-medium modification of G, the 2π propagator, which enters the ππ T-matrix. The dressing of the pion lines which build G by p-h bubbles is responsible for this modification. We have then introduced the linear sigma model where the scalar meson σ, chiral partner of the pion, is strongly coupled to 2π states. Its propagation in the nuclear medium is therefore affected by the modification of G. We have evaluated quantitatively this effect. At ρ 0 the σ propagator more than doubles its value as compared to the vacuum one. We have identified the source for this modification, which is easily understandable. It is due to the intervention of the individual nucleon response to the sigma field, through their pion clouds. As for the link with QCD observables it follows from the one which exists in the linear sigma model between the σ propagator and the QCD scalar susceptibility. The results that we have obtained for the response to the sigma field also hold for the scalar susceptibility which is increased by a factor over 2 at saturation density. An increase of this quantity brings it closer to the pseudoscalar one. This convergence effect is a signal of chiral symmetry restoration as the two susceptibilities merge in the restored phase. Thus the experiments on 2π production in nuclei have, as expected, a connection to chiral symmetry restoration in nuclei.
In a second step of our work we have investigated what is the effect of the softness of the nuclear medium to the sigma field on the NN potential. As the medium range attraction arises in part from the exchange of a scalar mode one may naturally believe that the same enhancement factor which holds for the σ propagator also applies to this part of the NN potential. In fact, as we have shown, nothing such occurs. The reason is that sigma exchange is not the only possible exchange. It has to be combined with all possible σ and 2π exchanges with several resulting cancellations. We have split the sigma propagator as the sum of a 2π propagator and of the propagator of a chiral invariant scalar which has the same bare mass as the σ and which is weakly coupled to 2π states. For reasons of chiral constraints the second part must be eliminated in the NN interaction by the additional exchanges, beyond the σ one, in such a way that only the chiral invariant exchange survives. In order to reach this result we did not need to introduce many exchanges with delicate compensations but we have used a non-linear version where the chiral constraints are automatically satisfied. The conclusion is that the many-body effects which modify the σ propagation through its coupling to 2π states are absent in the NN interaction. However other types of renormalizations can enter such as those advocated by the quark meson coupling model and which are not linked to 2π coupling. Moreover this stability concerns the part of the NN potential which arises from the exchange of a scalar meson. Other parts of the NN interaction can be affected. For instance we have no prediction concerning the stability of the standard correlated 2π exchange potential for which the medium modifications have been studied by Durso et al [31] . In this last potential the two pions are coupled to the nucleon at two different points, while for the part which would involve G (which in fact disappears in the potential) they have to couple at the same space-time point. The overall change of the NN potential in the nucleus depends very much on the relative weight of the different components of the potential, i.e., on the sigma mass. A consistent description which includes both of them is highly desirable and could be done within the present framework.
